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Abstract
Under investigation in this paper is a generalized nonlinear Schrödinger model with variable dispersion,
nonlinearity and gain/loss, which could describe the propagation of optical pulse in inhomogeneous fiber
systems. By employing the Hirota method, one- and two-soliton solutions are obtained with the aid of sym-
bolic computation. Furthermore, a general formula which denotes multi-soliton solutions is given. Some
main properties of the solutions are discussed simultaneously. As one important property of nonlinear evo-
lution equation, the Bäcklund transformation in bilinear form is also constructed, which is helpful on future
research and as far as we know is firstly proposed in this paper.
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During the past decades, investigations on the optical fiber communications have become
more and more attractive [1,2], in which the optical solitons have their potential applications in
optical fiber transmission systems [2–5]. As we all know, solitonic structures are seen in many
fields of sciences and engineering [6–9], among which an optical soliton exists in a fiber on
the basis of the exact balance between the group velocity dispersion (GVD) and the self-phase
modulation (SPM). The propagation of the optical solitons is usually governed by the nonlinear
Schrödinger equation (NLSE), which is one of the most important models in modern nonlinear
science. Moreover, much attention has been paid to the investigation on the generalized NLSEs
with constant coefficients as a kind of ideal models of the much more complicated physical
problems [10,11]. As a matter of fact, in a real fiber exist some fiber nonuniformities to in-
fluence various effects such as the gain or loss, GVD and SPM, etc. Considering the varying
dispersion, nonlinearity and gain/loss, we would like to investigate the following generalized
variable-coefficient NLSE [4]:
iux + b(x)utt + l(x)|u|2u + id(x)u = 0, (1)
where u(x, t) is the complex envelope of the electrical field in the comoving frame, x is the
propagation distance, t is the retarded time and the subscripts denote partial derivatives. All the
parameters b(x), l(x) and d(x) are real analytic functions of the propagation distance x, which
represent the GVD, SPM and distributed gain/loss, respectively. The equation describes the am-
plification or attenuation of pulse propagation in a single-mode optical fiber with distributed
dispersion and nonlinearity.
For describing different models in the optical fiber systems, two main cases of Eq. (1) are
written as follows:
1. iux + B1(x)utt + L|u|2u + iD1(x)u = 0, (2)
with L = 1 or 2. For L = 1, the chromatic dispersion B1(x) normalized to the standard
monomode fiber dispersion coefficient and D1(x) related to the nonlinear length, fiber loss and
the amplifier location, Eq. (2) describes the averaged pulse dynamics in a cascaded transmis-
sion system with passive dispersion compensation, which has been derived and researched in
Ref. [12]. For L = 2 and D1(x) reduces to the normalized amplitude loss, which is related to
the fiber power loss α, through the relation D1(x) = αLD (LD is the characteristic dispersive
length), the effect of different D1(x) on the mode conversion in the intermediate fiber using a
soliton input pulse has been discussed detailedly in Ref. [13]. In Ref. [14], the exact soliton
solutions of the averaged dispersion-managed soliton system equation have been derived [15].
2. iux + B2(x)utt + L1(x)|u|2u = 0, (3)
which describes the pulse propagation in the weakly nonlinear dispersive media [13] with
L1(x) = 2. The parameter B2(x) represents the normalized dispersion; in the case of propagation
in a single fiber B2(x) = 1, while in the case of propagation through a fiber junction composed
of three different fibers B2(x) is the step-like dispersion in the fibers relative to the last fiber.
By the way, when B2(x) is the stepwise function describing the dispersion map, the propagation
of dispersion-managed dark soliton is governed by Eq. (3) for a dimensionless envelope of the
electrical field [16]. When the functions B2(x) and L1(x) are periodic, B2(x) = B2(x + 1) and
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dimensional functions B2(x) and L1(x), the parameter B2(x) may describe a fast variation of
the local dispersion. The variation of the parameter L1(x) is, for example, motivated by driving
and damping in the original system [17,18].
Much work has been done about Eq. (1) for its important practical applications. A procedure
based on the Bogolyubov method has been proposed and as a result, the asymptotic equation
in the dominating order was obtained [18], the multiple-scale method was applied to study the
dispersion-managed soliton power enhancement [19], the guiding-center theory based on the Lie
transform was developed [20] but without a detailed analysis of different limits for the coeffi-
cients, the self-similarity technique was used for finding exact self-similar solutions describing
both periodic and solitary waves [11], the Darboux transformation based on the Lax Pair was pre-
sented through which soliton solutions were generated [21] and under certain constraints, four
transformations from Eq. (1) to standard and cylindrical NLSEs have been constructed [17].
Here we mainly use the Hirota method to study Eq. (1). The outline of this paper is as fol-
lows. In Section 2, we will transform Eq. (1) into the bilinear form and obtain soliton solutions
with symbolic computation [6–8]. The properties of the obtained solutions are also analyzed. In
Section 3, we will derive the bilinear Bäcklund transformation for Eq. (1). Section 4 will be our
conclusions.
2. Bilinear form and soliton solutions
It is well known that the Hirota method [22] is a straightforward and useful tool for dealing
with soliton problems for nonlinear evolution equations. One definite advantage of this method
is that if we once transform the original equation into the bilinear form, we can find solutions
directly by the perturbation technique without employing the inverse scattering method. Equa-
tion (1) can be transformed into the variable-coefficient bilinear form[
iDx + b(x)D2t
]
(g · f ) = 0, (4)
D2t (f · f ) = a|g|2, (5)
with a = C21 l(x)b(x) e−2
∫
d(x)dx
, by the following transformation:
u(x, t) = C1e−
∫
d(x)dx g(x, t)
f (x, t)
, (6)
where C1 = 0 is an arbitrary real constant of integration, g(x, t) and f (x, t) are taken to be
complex and real differentiable functions, respectively, and Dx and D2t are the bilinear derivative
operators [23] defined by
Dmx D
n
t (f · g) =
(
∂
∂x
− ∂
∂x′
)m(
∂
∂t
− ∂
∂t ′
)n
f (x, t)g(x′, t ′)
∣∣∣
x′=x, t ′=t .
Generally speaking, Eq. (1) is not integrable. To solve Eq. (1), we consider the following con-
straint:
l(x) = C0b(x)e2
∫
d(x)dx, (7)
which is a condition for Eq. (1) to pass the Painlevé test [24,25]. With the constraint (7), the pa-
rameter a in Eq. (5) reduces to C0C2. For obtaining the soliton solutions of Eq. (1) by solving1
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g(x, t) as the following forms:
f (x, t) = 1 + ε2f2(x, t) + ε4f4(x, t) + ε6f6(x, t) + · · · , (8)
g(x, t) = εg1(x, t) + ε3g3(x, t) + ε5g5(x, t) + · · · , (9)
where the coefficients fn(x, t) and gm(x, t) for n = 2,4,6, . . . and m = 1,3,5, . . . , are the func-
tions to be determined. Substituting expressions (8) and (9) into Eqs. (4) and (5) and collecting
the coefficients of the same power of ε, we have
ε0: D2t (1 · 1) = 0,
ε1:
(
iDx + b(x)D2t
)
(g1 · 1) = 0,
ε2: D2t (1 · f2 + f2 · 1) = g1g∗1 ,
ε3:
(
iDx + b(x)D2t
)
(g1 · f2 + g3 · 1) = 0,
ε4: D2t (1 · f4 + f2 · f2 + f4 · 1) = g1g∗3 + g3g∗1 ,
...
where ∗ denotes complex conjugate.
In order to obtain the one-soliton solution of Eq. (1), let us choose
g1(x, t) = eθ with θ = ηt + ψ(x) + η0,
where η and η0 are complex constants and ψ(x) is a differentiable function to be determined.
Via symbolic computation, ψ(x) and f2(x, t) are determined to be
ψ(x) = iη2
∫
b(x)dx, f2(x, t) = 12(η + η∗)2 e
θ+θ∗ .
Hereby we can truncate the expansion with fi(x, t) = 0 (i = 4,6,8, . . .) and gj (x, t) = 0 (j =
3,5,7, . . .). Consequently, without loss of generality, setting ε = 1, f (x, t) and g(x, t) can be
reduced to
f (x, t) = 1 + 1
2(η + η∗)2 e
θ+θ∗ , g(x, t) = eθ with θ = ηt + iη2
∫
b(x)dx + η0.
Then the one-soliton solution of Eq. (1) in explicit form is generated
u(x, t) = C1e−
∫
d(x)dx e
θ
1 + 12(η+η∗)2 eθ+θ
∗
=
⎧⎪⎨
⎪⎩
√
2b(x)
l(x)
|Re(η)|eiφ1 sech θ0, C1 > 0,
−
√
2b(x)
l(x)
|Re(η)|eiφ1 sech θ0, C1 < 0,
(10)
where φ1 = Im(θ), θ0 = 12 [θ + θ∗ + ln( 12(η+η∗)2 )].
For constructing the two-soliton solution, we choose
g1(x, t) = eθ1 + eθ2 with
θ1 = η1t + iη21
∫
b(x)dx + η01 and θ2 = η2t + iη22
∫
b(x)dx + η02,
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0
2 are all complex constants. With the help of symbolic computation, f (x, t)
and g(x, t) are obtained as
f (x, t)
= 1 + 1
2(η1 + η∗1)2
eθ1+θ∗1 + 1
2(η2 + η∗2)2
eθ2+θ∗2 + 1
2(η1 + η∗2)2
eθ1+θ∗2
+ 1
2(η2 + η∗1)2
eθ2+θ∗1 + (η1 − η2)
2(η∗1 − η∗2)2
4(η1 + η∗1)2(η1 + η∗2)2(η2 + η∗1)2(η2 + η∗2)2
eθ1+θ2+θ∗1 +θ∗2 ,
g(x, t)
= eθ1 + eθ2 + (η1 − η2)
2
2(η1 + η∗1)2(η2 + η∗1)2
eθ1+θ2+θ∗1 + (η1 − η2)
2
2(η1 + η∗2)2(η2 + η∗2)2
eθ1+θ2+θ∗2 ,
and the two-soliton solution is yielded
u(x, t) = C1e−
∫
d(x)dx
[
eθ1 + eθ2 + (η1 − η2)
2
2(η1 + η∗1)2(η2 + η∗1)2
eθ1+θ2+θ∗1
+ (η1 − η2)
2
2(η1 + η∗2)2(η2 + η∗2)2
eθ1+θ2+θ∗2
]/[
1 + 1
2(η1 + η∗1)2
eθ1+θ∗1
+ 1
2(η2 + η∗2)2
eθ2+θ∗2 + 1
2(η1 + η∗2)2
eθ1+θ∗2 + 1
2(η2 + η∗1)2
eθ2+θ∗1
+ (η1 − η2)
2(η∗1 − η∗2)2
4(η1 + η∗1)2(η1 + η∗2)2(η2 + η∗1)2(η2 + η∗2)2
eθ1+θ2+θ∗1 +θ∗2
]
= ±
√
b(x)
l(x)
[
e
(θ1+θ∗2 +δ2)
2 cosh 
2 + e
(θ2+θ∗1 +δ1)
2 cosh 
1
]/[ cosh(
1 − 
2 + σ1)
2(η1 + η∗1)(η2 + η∗2)
+ cosh 
3
2(η1 + η∗2)(η2 + η∗1)
+ (η1 − η2)(η
∗
1 − η∗2) cosh(
1 + 
2 + σ2)
2(η1 + η∗1)(η1 + η∗2)(η2 + η∗1)(η2 + η∗2)
]
(11)
(if C1 > 0, the sign on the right-hand side of Eq. (11) is taken to be positive; otherwise negative)
with
σ1 = ln
[
η2 + η∗1
η1 + η∗2
]
, σ2 = ln
[
η∗1 − η∗2
η1 − η2
]
,
δ1 = ln
[
(η1 − η2)2
2(η1 + η∗1)(η2 + η∗1)2
]
, δ2 = ln
[
(η1 − η2)2
2(η1 + η∗2)(η2 + η∗2)2
]
,

1 = 12
(
θ1 + θ∗1 + δ1
)
, 
2 = 12
(
θ2 + θ∗2 + δ2
)
, 
3 = 12
(
θ1 − θ∗1 + θ∗2 − θ2
)+ σ1.
With the variable coefficients l(x), b(x) and d(x) satisfying constraint (7), the N -soliton
solution of Eq. (1) in the sense of Ref. [26] can be expressed in the following form:
u(x, t) = C1e−
∫
d(x)dx g(x, t)
f (x, t)
,
where
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∑′
v=0,1
exp
( 2N∑
i<j
ξ(i, j)vivj +
2N∑
i=1
viθi
)
,
g(x, t) =
∑′′
v=0,1
exp
( 2N∑
i<j
ξ(i, j)vivj +
2N∑
i=1
viθi
)
,
g∗(x, t) =
∑′′′
v=0,1
exp
( 2N∑
i<j
ξ(i, j)vivj +
2N∑
i=1
viθi
)
,
where
θi = ηit + iη2i
∫
b(x)dx + η0i , for i = 1,2, . . . ,2N;
θi+N = θ∗i , ηi+N = η∗i , for i = 1,2, . . . ,N;
ξ(i, j) = ln
[
C21 l(x)
2(ηi + ηj )2b(x)e2
∫
d(x)dx
]
,
for i = 1,2, . . . ,N and j = N + 1, . . . ,2N, or i = N + 1, . . . ,2N and j = 1,2, . . . ,N;
ξ(i, j) = − ln
[
C21 l(x)
2(ηi − ηj )2b(x)e2
∫
d(x)dx
]
,
for i = 1,2, . . . ,N and j = 1,2, . . . ,N, or i = N + 1, . . . ,2N and j = N + 1, . . . ,2N,
where ηi and η0i are different complex constants related, respectively, to the amplitude and the
phase of the ith soliton,
∑2N
i<j indicates the summation over all possible pairs taken from 2N
elements with the specified condition i < j , and
∑′
v=0,1,
∑′′
v=0,1 and
∑′′′
v=0,1 indicate the sum-
mations over all possible combinations of vi = 0,1 (i = 1,2, . . . ,2N), respectively, under the
conditions
N∑′
i=1
vi =
N∑′
i=1
vi+N,
N∑′′
i=1
vi = 1 +
N∑′′
i=1
vi+N and
N∑′′′
i=1
vi+N = 1 +
N∑′′′
i=1
vi.
From expression (10), it is worth noting that the pulse width (amplitude) and the frequency
shift (group-velocity) are determined by the real and imaginary part of η, and the initial po-
sition and the initial phase are related to the real and imaginary part of η0, respectively. Here
we provide some figures to describe the soliton solutions obtained by the Hirota method. Some
solitons here, for example plotted in Fig. 3, are similar to these in Ref. [27] and the distinc-
tion lies in that the variable coefficients are taken differently there but they are coincident with
each other. Figure 1 shows the shape and motion of the one-soliton solution given by expression
(10) when the variable coefficients are taken to be some different constants. For describing the
varying group velocity dispersion, nonlinearity and gain/loss, we would like to consider some
variable-coefficient cases. Figure 2 describes the amplitude of the one-soliton solution moving
with periodic growth and decay with the given parameters. Figure 3 depicts the propagation of
the one-soliton solution with periodic oscillation along the distance x. In Fig. 4 we take a peri-
odic distributed amplification system with the varying group velocity dispersion parameter and
nonlinearity parameter as an example. From it we can clearly see that the soliton keeps its shape
even if the group velocity is changed, which is one of the important properties of solitons. Fig-
ure 5 presents the separating evolution plot of the two-soliton solution given by expression (11).
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Fig. 1. The parameters adopted here are: b(x) = 1, d(x) = 0, l(x) = 1, C1 = 1, C0 = 1. (a) η = 1 − 0.2i, η0 = 1 − 2i;
(b) η = 1.4 − 0.1i, η0 = 3 − 3i.
(a) (b)
Fig. 2. The parameters adopted here are: η = 1.8, η0 = 0.05, b(x) = 1, C1 = 1, C0 = 1. (a) d(x) = 0.2 sin(x),
l(x) = exp(−0.4 cos(x)); (b) d(x) = 0.2 cos(x), l(x) = exp(0.4 sin(x)).
(a) (b)
Fig. 3. The parameters adopted here are: d(x) = 0, C1 = 1, C0 = 1, η = 1.8 + 0.6i, η0 = 0. (a) b(x) = 0.5 sin(0.5x),
l(x) = 0.5 sin(0.5x); (b) b(x) = 0.5 cos(0.5x), l(x) = 0.5 cos(0.5x).
From this figure we notice that the separation between two solitons keeps constant. Figure 6
shows the interaction of two-soliton solutions. It can be noted that two solitons collide elastically
without perturbation, that is to say, after collision the two-soliton waves maintain their original
shapes and velocities with only a phase shift at the moment of collision. This is also one of the
important properties of solitons.
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Fig. 4. The parameters adopted here are: l(x) = 0.5 cos(x), C1 = 1, C0 = 1, η = 1.8 + 0.6i, η0 = 0. (a) b(x) =
0.5 exp(−0.02x) cos(x), d(x) = 0.01; (b) b(x) = 0.5 exp(0.02x) cos(x), d(x) = −0.01.
Fig. 5. The parameters adopted here are: b(x) = 0.5 exp(0.05x) cos(x), l(x) = 0.5 cos(x), d(x) = −0.025, C1 = 1,
C0 = 1, η1 = −1.2 + 0.7i, η2 = 1.1 + 0.7i, η01 = −0.7 − 0.3i, η02 = −0.9 − 0.3i.
Fig. 6. The parameters adopted here are: b(x) = 0.5 cos(0.5x), l(x) = 0.5 cos(0.5x), d(x) = 0, C1 = 1, C0 = 1,
η1 = −1.5 + 0.8i, η2 = 2.2 − 2i, η01 = 1 + i, η02 = 2 + 2i.
3. Bilinear Bäcklund transformation
The Bäcklund transformation (BT) plays an important role in the studies of various soli-
tons [8,28]. It provides a means of constructing new solutions from known solutions to soliton
equations. In this section we will derive a bilinear BT for Eq. (1) from Eqs. (4) and (5).
In order to obtain a BT between (f, g) and (f ′, g′), we consider
P ≡ [(iDx + b(x)D2t )g′ · f ′]f 2 − f ′2[(iDx + b(x)D2t )g · f ]= 0. (12)
By means of some identities about the bilinear derivative operators and using Eq. (5), Eq.
(12) may be rewritten as
P ≡ iDx(g′ · f + f ′ · g)f ′f − (g′f + f ′g)
[
iDx(f
′ · f )]
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[
Dt(g
′ · f + f ′ · g) · f ′f ]+ b(x)(g′f − f ′g)D2t (f ′ · f )
− b(x)D2t (g′ · f − f ′ · g)f ′f +
1
2
C21e
−2∫ d(x)dx l(x)[(g′f + f ′g)(g′g∗ − g′ ∗g)
− (g′f − f ′g)(g′g∗ + g′ ∗g)]= 0. (13)
By taking
Dt(g
′ · f + f ′ · g) = μ(x)(g′f − f ′g), (14)
Eq. (13) can be decoupled into[
b(x)D2t + 2μ2(x)b(x)
]
f ′ · f − C21e−2
∫
d(x)dx l(x)Re
[
g′g∗
]= 0, (15)[
iDx − λ(x, t)
]
(g′ · f + f ′ · g) − b(x)D2t (g′ · f − f ′ · g) = 0, (16)[
iDx + 2μ(x)b(x)Dt − λ(x, t)
]
f ′ · f − iC21e−2
∫
d(x)dxl(x) Im
[
g′g∗
]= 0, (17)
where μ(x) is a function of the variable x and λ(x, t) is a function of the variables x and t .
Thus, the set of Eqs. (14)–(17) constitutes a BT for Eq. (1). Introducing the vacuum solution
g(x, t) = 0, f (x, t) = 1, namely, u(x, t) = 0, into Eqs. (14)–(17), we obtain
g′(x, t)t = μ(x)g′(x, t),
f ′(x, t)tt + 2μ2(x)f ′(x, t) = 0,
ig′(x, t)x − λ(x, t)g′(x, t) − b(x)g′(x, t)tt = 0,
if ′(x, t)x + 2μ(x)b(x)f ′(x, t)t − λ(x, t)f ′(x, t) = 0,
where the subscripts t and x denote partial derivatives. Solving these linear differential equations
above, under the constraint (7), we get the one-soliton solution of Eq. (1)
u′(x, t) = C1e−
∫
d(x)dx e
ikt+ik2∫ b(x)dx+k0+iφ0
e
√
2kt−2√2k2∫ b(x)dx+δ0 + e−√2kt+2√2k2∫ b(x)dx−δ0
= C
√
C0b(x)
l(x)
eiφ
′
1 sech θ ′0, (18)
provided μ(x) = ik, λ(x, t) = 0, where k0, φ0 and k = 0 are arbitrary real constants, δ0 is an
arbitrary constant of integration, C = C12 ek0 , φ′1 = kt + k2
∫
b(x)dx + φ0, and θ ′0 =
√
2kt −
2
√
2k2
∫
b(x)dx + δ0. With the help of symbolic computation, it can be proved that, under the
constraint (7), u′(x, t) corresponding to expression (10) is indeed a solution of Eq. (1).
4. Conclusions
The optical solitons are of great interest theoretically and experimentally for their potential ap-
plications in the optical fiber transmission system. With the consideration of varying dispersion,
nonlinearity and gain/loss, Eq. (1) describes the propagation of optical pulse in inhomogeneous
fiber. In practical applications, the model is of primary interest not only for the compression and
amplification of optical solitons in inhomogeneous systems, but also for the stable transmission
of soliton control. From the integrable point of view, that is, under the constraint (7), some soli-
ton solutions are derived and investigated in Section 2. Some figures are plotted to illustrate the
properties of the solutions. The properties are meaningful for the investigation on the stability of
soliton propagation in the optical soliton communications.
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nonlinear evolution equation, it has not been given before. Via the bilinear BT, we have obtained
a solution of Eq. (1), i.e., expression (18). According to expression (18), it is worth noting that
the pulse width and the group-velocity (phase shift) are related to the parameter k, and the initial
position and the initial phase of soliton are determined by the parameters δ0 and φ0, respectively.
The soliton amplitude is given by |u′(x, t)| = |C|
√
C0b(x)
l(x)
sech θ ′0 and the maximum amplitude
is |C|
√
C0b(x)
l(x)
, which depends on C0, C1, k0, k, b(x) and l(x). Special attention should be paid
to that the constraint for expression (18) to be a solution of Eq. (1) is the same as constraint (7)
which is given by the Painlevé test. Thus, we can predict that constraint (7) is a condition under
which Eq. (1) is completely integrable. The work carried out in this paper may be useful for
further study.
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